This paper deals with valuation and premium decomposition of American floatingstrike lookback options written on dividend-paying assets, for which exact formulas are unknown except for the perpetual case. Via a PDE approach, we derive Laplace transforms of the values of lookback call and put options, which can be decomposed as the associated European values plus the early exercise premiums. Using Abelian theorems of Laplace transforms, we characterize asymptotic behaviors of the early exercise boundaries at a time to close to expiration and at infinite time to expiration. Based on the Gaver-Stehfest inversion method combined with the Newton method, we develop a fast and accurate algorithm for computing both the option value and the early exercise boundary.
Introduction
Lookback options are path-dependent options whose payoff at (or prior to) expiry depends on the realized extremum of the underlying asset price attained over the options' lifetimes. Lookback options can be classified into two types: fixed strike and floating strike. Let S t be the value of the underlying asset at time t ≥ 0, and let m t and M t be the realized minimum and maximum values of the asset up to time t, respectively. Assume that the price process is monitored continuously; see Heynen and Kat (1995) for discrete monitoring. Then, a fixed-strike lookback call (put) is defined as an ordinary option written on the process (M t ) t≥0 ((m t ) t≥0 ) instead of (S t ) t≥0 . For European-style lookback options with maturity date T and strike price K, payoffs at the maturity for fixed-strike lookback call and put are respectively given by
where (x) + = x ∨ 0 = max{x, 0} for x ∈ R. These payoffs mean that a fixed-strike lookback call (put) option entitles the holder to the difference between the highest (lowest) realized price of the underlying asset over the trading period and the strike price. Closedform pricing formulas for European fixed-strike lookback options have been derived by Conze and Viswanathan (1991) . Russian options (Duffie and Harrison, 1993; Shepp and Shiryaev, 1993) can be considered as a perpetual (i.e., T = ∞) American fixed-strike lookback call option with K = 0. On the other hand, a floating-strike lookback call (put) depends on the processes (S t ) t≥0 and (m t ) t≥0 ((M t ) t≥0 ), and it always gives the option holder the right to buy (sell) at the lowest (highest) realized price. For European floatingstrike lookback call and put with maturity date T , their standard terminal payoffs are given by
respectively. Goldman et al. (1979) provided closed-form pricing formulas for European floating-strike lookback options and analyzed their properties for some particular cases. Clearly, standard floating-strike lookback options are not genuine option contracts since they are always exercised until the maturity, finishing in-the-money. This means that high premiums are charged for the standard floating-strike lookback options, being less attractive to investors. Conze and Viswanathan (1991) introduced a more general and less expensive variant called a fractional or partial lookback option, where the strike is fixed at some fraction over (for a call) or below (for a put) the extreme value. Specifically, the payoffs for European lookback call and put with fractional floating strikes and maturity date T are respectively given by
where α and β are positive constants, allowing flexible adjustment of option premiums.
To reduce option premiums, we assume that α ≥ 1 and 0 < β ≤ 1. When α = β = 1, the fractional lookback option agrees with the standard one as a special case. Closedform valuation formulas for European fractional lookback options can be found in Conze and Viswanathan (1991) . For American fractional case, Lai and Lim (2004) obtained an integral representation of an early exercise premium. As with vanilla options, there are no pricing formulas for American lookback options, except for the perpetual case; see Dai (2000a) for the standard floating-strike case and Lai and Lim (2004) for the fractional floating-strike case. The purpose of this paper is to develop a fast and accurate numerical method for valuing American fractional lookback options. A number of approximations and/or numerical methods have been developed for numerical valuation of American vanilla options, most of which can be also applied to lookback options. For American fractional lookback puts, Conze and Viswanathan (1991) proposed an explicit upper bound using a technique based on Snell envelopes, which was later shown to be quite loose for short maturities by Barraquand and Pudet (1996) . Hull and White (1993) , Kat (1995) , Barraquand and Pudet (1996) , Cheuck and Vorst (1997) , Babbs (2000) , Dai (2000b) , and Lai and Lim (2004) developed binomial or lattice methods. Among them, a forward shooting grid method in Barraquand and Pudet (1996) has a superior performance for American path-dependent options. Yu et al. (2001) adopted the partial differential equation (PDE) approach together with the finite difference method. It is, however, well known that both the lattice and finite difference methods are quite time consuming if we need solutions with high-precision. In addition, Dai (2000b) showed that a simple binomial tree is not necessarily consistent with its continuous model, resulting the low speed of convergence. To achieve quick and accurate pricing for practical purposes, this paper adopts a Laplace transform (LT) approach to valuing American fractional lookback options; see other related LT approaches of Carr (1998) and Kimura (2004) for an American vanilla option, Kimura (2007a) for a finite-lived Russian option and Petrella and Kou (2004) for a European standard floating-strike lookback option with discrete monitoring. This paper is organized as follows: In Section 2, we formulate the valuation problem as a free-boundary problem in the classical Black-Scholes-Merton framework to obtain basic PDEs and their boundary conditions for the values of American fractional call and put. The call case is described in detail and then the corresponding results for the put case are given briefly. In Section 3, taking LTs of these PDEs and solving them under the transformed boundary conditions, we obtain LTs of the values of lookback call and put options. We show that these option values are decomposed as the associated European values plus the early exercise premiums. Abelian theorems of Laplace transforms enable us to obtain a concise result for the perpetual case. In Section 4, we show that numerical inversion of these Laplace transforms works well for computing both the option value and the early exercise boundary. Section 5 summarizes the results and gives directions of future research.
PDE Formulation
Assume that (S t ) t≥0 is a risk-neutralized diffusion process described by the linear stochastic differential equation
where S 0 ≡ S, r > 0 is the risk-free rate of interest, δ ≥ 0 is the continuous dividend rate, and σ > 0 is the volatility coefficient of the asset price. Also, W ≡ (W t ) t≥0 is a one-dimensional standard Brownian motion process on a filtered probability space (Ω, (F t ) t≥0 , P), where (F t ) t≥0 ≡ F is the natural filtration generated by W and the probability measure P is chosen so that the stock has mean rate of return r. For the price process (S t ) t≥0 and a constant m ≤ S, define the infimum process as
where a ∧ b = min{a, b}. Given a finite time horizon T > 0, let C ≡ C (t, S, m) Conze and Viswanathan (1991) . In the absence of arbitrage opportunities, the value C(t, S, m) is a solution of an optimal stopping problem C(t, S, m) = ess sup
where T t is a stopping time of the filtration F and the conditional expectation is calculated under the risk-neutral probability measure P. The random variable T *
(2) that C is nondecreasing in S and nonincreasing in t, m and α. Solving the optimal stopping problem (2) is equivalent to finding the points (t, S t , m t ) for which early exercise before maturity is optimal. Let
be the whole domain, and E and C denote the exercise region and continuation region, respectively. In terms of the value function C(t, S, m), the exercise region E is defined by
for which the optimal stopping time T * t satisfies
The continuation region C is the complement of S in D, i.e.,
The boundary that separates S from C is referred to as the early exercise boundary, which is defined byS
At the early exercise boundary (S(t, m)) t∈ [0,T ] , the American fractional lookback call option would be optimally exercised. In terms ofS(t, m), the continuation region C can be represented as
It has been known that the optimal stopping problem (2) of finding the option value C(t, S, m) can be deduced to a free boundary problem; see e.g., Kwok (1998) and Wilmott et al. (1993, pp. 207-209) . Define the differential operator L t,S by
Then, the free boundary problem can be written in a linear complimentary form as
together with auxiliary conditions
For the free boundary (S(t, m)) t∈ [0,T ] , this problem is equivalent to solving the BlackScholes-Merton PDE
together with the boundary conditions
and the terminal condition
The boundary conditions in (5) are called the value matching, smooth pasting and Neumann conditions in order.
In much the same way as in the call case, we can formulate the put case: For a constant M ≥ S, define the supremum process of (S t ) t∈ [0,T ] as
and let P ≡ P (t, S, M) be the value of the American floating-strike lookback put option at time t ∈ [0, T ]. Then, P (t, S, M) satisfies the same PDE as (4), i.e.,
where (S(t, M)) t∈ [0,T ] is the early exercise boundary for put. The boundary conditions for put are lim
and the terminal condition is given by
3 Valuation in the Laplace Domain
Laplace-Carlson transforms
From (2), we see that the value C depends on time only through the time T − t remaining to maturity. For notational convenience, we introduce the time-reversed values
, with the change of variables τ := T − t.
For λ > 0, define the Laplace-Carlson transform (LCT) of these time-reversed quantities as
and
No doubt, there is no essential difference between the LCT and the Laplace transform (LT) defined by
The principal reason why we prefer LCT to LT is that LCT generates relatively simpler formulas than LT for option pricing problems because constant values are invariant after taking transformation. In the context of option pricing, LCTs have been first adopted in the randomization of Carr (1998) for valuing an American vanilla put option with an exponentially distributed random maturity T . The idea of randomization gives us another interpretation that the LCT C * (λ, S, m) can be regarded as an exponentially weighted sum (integral) of the timereversed value C(τ, S, m) for (infinitely many) different values of the maturity T ∈ R + , and hence for τ ∈ R + , which makes LCTs be well defined.
European options
For American vanilla options, it has been well known that the value of an American option can be represented as the sum of the value of the corresponding European option and the early exercise premium. For American fractional lookback options, Lai and Lim (2004) proved that the value has such a decomposition and that the premium has an integral representation; see Proposition 2 in Lai and Lim (2004) . Here, as a preliminary for valuing American options, we derive closed-form LCTs of the values of European fractional lookback options. First, consider the call case: Let c(t, S, m) denote the value of the European fractional lookback call option at time t ∈ [0, T ]. As in the American counterpart, c(t, S, m) satisfies the Black-Scholes-Merton PDE
and the terminal condition c(T, S, m) = (S − αm) + .
The solution can be find in Zhu et al. (2004, p. 152 ) for δ = r (that includes a typo) or in Lai and Lim (2004, Proposition 2) . Since the notation and assumptions used in these results are fairly different from those in this paper, we rewrite it to obtain
where Φ(·) and φ(·) respectively denote the cdf and pdf of the standard normal distribution, γ = 2(r − δ)/σ 2 and
Note that the first two terms in the right hand side of (14) represent the value of a plain vanilla call option with strike price K = αm.
For the time-reversed value c(τ, S, m)
where
, and the parameters ν 1 = ν + > 1 and ν 2 = ν − < 0 are given by
which are two real roots of the quadratic equation
Proof. With the change of variables
and a transformed value function
the dimension of the PDE formulation can be reduced by one (Zhu et al., 2004, p. 143) . Using the relations
we can rewrite the PDE (11) as
with the initial condition
and the boundary conditions lim
For
. Then, from (18)- (20), we obtain the ordinary differential equation
A general solution of the ODE (21) has the form
of which coefficients a i (i = 1, . . . , 4) are given by
from the boundary conditions (22) and the continuity of V * (λ, x) and its first derivative at x = 1/α. Substituting these coefficients into (23), we obtain the desired result.
Consider next the put case: Let p(t, S, M) denote the value of the European fractional lookback put option at time t ∈ [0, T ], which satisfies the PDE
with the boundary conditions
The European put value p(t, S, M) can be written as
For the time-reversed value p(τ, S, M)
. Then, as with the call case, we can obtain the following theorem, which proof is omitted.
Theorem 2
American options
Applying the same solution method as in Theorem 1 to the PDE (4) for C(t, S, m), we can obtain the early exercise representation for the LCT C * (λ, S, m), which is Theorem 3
where e * c (λ, S, m) is the LCT of the early exercise premium
with
Proof. With the same change of variables as in (17) and
we can obtain an ODE for V * (λ, x) similar to (21), which is
. For a given ξ * , it is straightforward to solve the ODE (33) with the first two boundary conditions in (34) as well as the continuity conditions of V * (λ, x) and its first derivative at x = 1/α. Assuming a general solution with the form
we have
From (24) and (36), we see that b 3 − a 3 = b 1 − a 1 and b 4 − a 4 = b 2 , which yields the premium decomposition (30). The equation (32) for ξ * can be obtained by applying the last (i.e., Neumann) condition in (34) into (35).
For the LCT P * (λ, S, M), we can obtain analogous result to Theorem 3 in much the same way, so that we state it without proof.
Theorem 4
where e * p (λ, S, M) is the LCT of the early exercise premium
Remark 1 As we have obtained closed-form LCTs for the option values in Theorems 3 and 4, it is straightforward to derive the LCTs of Greeks by differentiating the value function with respect S for computing delta and gamma, or by using the relation
for computing theta.
From (32) and (39), ξ * (λ) (∈ (0, α −1 )) and η * (λ) (∈ (β −1 , ∞)) can be obtained by solving a functional equation of the form
where f λ is an operator mapping defined by
Note that f λ (x) is symmetric with respect to ν 1 and ν 2 . From the functional equation (40), we can show some asymptotic properties of the early exercise boundaries. [0,T ] of the fractional lookback options, we have
Theorem 5 For the early exercise boundaries S (t, m) t∈[0,T ] and S(t, M) t∈
Proof. Consider the call case, setting κ = α and x = ξ * in (40). By virtue of the Abelian theorem of LTs, the value ξ(τ ) at τ = 0 (i.e., t = T ) can be obtained by letting λ → ∞ in ξ * (λ). From (34), we see that a trivial necessary condition for the range of ξ * is ξ * ≤ α −1 < 1, because the exercise payoff must be nonnegative. Replacing ν i (λ) (i = 1, 2)
by their large λ asymptotics, i.e.,
If δ/r ≤ 1, then ν 1 +ν 2 = 2(δ−r)/σ 2 −1 < 0, so that the second term above must converge to 0, which implies lim λ→∞ αξ
If δ/r > 1, the left-hand side is negative, and hence the only way the right-hand side can converge to a non-zero limit is lim λ→∞ αξ * = 1. Combining these results, we obtain
which yields lim
The put case can be proved in much the same way as the call case, and hence its proof is omitted.
Perpetual American options
Consider the case with infinite maturity, i.e., T = ∞. Applying Abelian theorem of Laplace transforms to the LCTs ξ * (λ) and η * (λ) in Theorems 3 and 4, we can obtain asymptotic results of the early exercise boundaries in a unified way.
Theorem 6 For the early exercise boundaries S (t, m) t∈[0,T ] and S(t, M) t∈[0,T ] of the fractional lookback options, we have lim
for all t ≥ 0. For δ > 0, the constants ξ ∞ ∈ (0, α −1 ) and η ∞ ∈ (β −1 , ∞) exist uniquely and they are solutions of the common equation
and ν
Proof. For the proof of the case δ = 0, see arbitrage arguments in Propositions 3 and 4 of Duffie and Harrison (1993) . For δ > 0, by virtue of the terminal value theorem of LTs, we have lim
The equation (48) is given by letting λ → 0 in (40). The proof of the uniqueness and the existing regions of two roots follows from Lemma 1 of Dai (2000a) .
Remark 2
The functional equation (48) agrees with Equation (13) in Proposition 3(a) of Lai and Lim (2004) , which is given by
Also, it is consistent with Propositions 2.2 and 2.3 of Dai and Kwok (2005a) , where these constants are represented as the unique roots of the equations
When α = β = 1, i.e., for the standard floating-strike case, it is easy to check that the limits lim λ→0 C * (λ, S, m) and lim λ→0 P * (λ, S, m) are consistent with the perpetual American call and put values obtained in Dai (2000a, Theorems 1 and 2), respectively.
The uniqueness of the roots suggests us a recursive root-finding scheme such as
for an appropriately selected initial value x 0 . To accelerate the convergence, we can also use the Steffensen recursion method for computing the constants ξ ∞ and η ∞ , which is
Actually, we see from some numerical experiments that the simple recursion (51) with x 0 = 0 works well to generate a convergent sequence for the fractional lookback call (κ = α ≥ 1). A better candidate for the initial value is
for which the right-hand side of (50) vanishes, being consistent with x
For the fractional lookback put (κ = β < 1), however, the speed of convergence is not so fast, and a cycling behavior is sometimes observed with the recursions (51) and (52). We will deal with this numerical problem in the next subsection.
Let C ∞ (S, m) and P ∞ (S, M) denote the values of the perpetual American fractional lookback call and put options, respectively. Then, we have Theorem 7
Proof. By virtue of the terminal value theorem of LTs, we have
The desired results immediately come from Theorems 3 and 4.
Alternative similarity reduction
As indicated in the previous subsection, it is a relatively difficult problem to solve the equations (39) as well as (48) for the put case in a stable way. The cause of this difficulty seems to be the functional behavior around the root locating the vast interval [1, ∞). To avoid this difficulty, we now propose an alternative similarity reduction method of solving the PDE (7) with the conditions (8) and (9) for the put value. In this paper we have chosen the initial asset price S as a numeraire to reduce the problem to an equivalent two-dimensional problem. However, this way is not unique (Andreasen, 1998; Wilmott et al., 1993) . In order to narrow the root-finding area for the put case, we choose the initial maximum asset value M as an alternative numeraire, following Wilmott et al. (1993, Chapter 12) . We introduce a new change of variables
Using the relations
we can rewrite the PDE (7) as
where ζ ≡ ζ(τ ) is the transformed boundary of early exercise defined by
The initial condition is given by
and the boundary conditions are
] be the LCT of W . Then, from (55)- (57), we obtain
two real roots of the quadratic equation
in connection with the ODE (58); cf. (16). It is worth while noting here that the roots θ i (λ) ≡ θ i (λ; r, δ) and ν i (λ) ≡ ν i (λ; r, δ) (i = 1, 2) are symmetric with respect to r and δ, namely, θ i (λ; δ, r) = ν i (λ; r, δ), and that there exist relations
for λ ≥ 0, which can be proved in much the same way as of the proof for λ = 0 in Jiang (2005, Eq. (6.1.45) ). Assuming a general solution of the ODE (58) with the form
we obtain
from the first two boundary conditions (59) and the continuity of W * (λ, z) and its first derivative at z = β. The Neumann condition yields the equation
for ζ * ∈ (0, β]. Clearly, the LCT P * (λ, S, M) can be obtained by the relation
Using the symmetry relations in (61), we can rewrite (64) as
and hence we obtain η
for λ ≥ 0 by comparing the equations (39) 
which has an alternative expression similar to the equation (50), i.e.,
f n (τ ) is called the Gaver-Stehfest method; see Abate and Whitt (1992a) and Kimura (2004) for details.
The Gaver-Stehfest method has been known to be much less robust than a Fourierseries method, e.g., the Euler method, an alternating-series approach for inverting Laplace transforms exploiting Euler summation (Abate and Whitt, 1992a) . For many problems, it works very well, but for others it does not. In addition, we need high-precision computation (e.g. more than 30-digit precision) in the Gaver-Stefest method, because it is based on differentiation instead of integration. However, we cannot directly apply the Euler method to the inversion of the LCTs C * (λ, S, m) and P * (λ, S, M), since the algorithm of the Euler method is based on an integral in complex domain C where λ must be treated as a complex number. The LCT C * (λ, S, m) in (30) Tables 1 and 2 show these comparisons for a particular case that t = 0, T = 1, S = m = M = 100, r = 0.03, δ = 0.05 and σ = 0.2, changing the values of α, β and n. In these tables, LC −1 [ · ] denotes the inverted values generated by the Gaver-Stehfest method. We see from the tables that the approximations become better as n grows and they have sufficient accuracy for practical applications if n ≥ 4. Roughly speaking, we could expect the relative errors of the approximations are less than 0.1% (0.01%) by the use of 4-point (6-point) extrapolation. Although the approximations have larger percentage errors when the option is out-of-the-money (α > 1 or β < 1), the absolute errors are negligibly small because the option value is actually small in itself. 
We then use the 4-point Gaver-Stehfest method to compute the boundaries. For the put case, we actually solved the equation (64) The Laplace transform approach is so general that it could be applied to other American path-dependent options whose payoff functions are continuous with respect to the state variables; see, e.g., Kimura (2007b) . However, for options with discontinuous payoff functions such as digital options, there remains some numerical issues in Laplace transform inversion. Such discontinuity also can be found in the price process (S t ) t≥0 . For European options, the Laplace transform approach have been applied to the cases that the underlying asset price has jumps (Kou and Wang, 2004) , and that it is discretely monitored (Petrella and Kou, 2004) . Applying the approach to American options with discrete nature remains as an important direction of future research. 
